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Abstract. Let ^(A) be the cyclotomic g-Schur algebra associated to the Ariki- 
Koike algebra Jff n ,r, introduced by Dipper- James-Mathas. In this paper, we con- 
sider u-decomposition numbers of 5? (A), namely decomposition numbers with 
respect to the Jantzen nitrations of Weyl modules. We prove, as a f-analogue of 
the result obtained by Shoji-Wada, a product formula for ^-decomposition num- 
bers of ^(A), which asserts that certain u-decomposition numbers are expressed 
as a product of ^-decomposition numbers for various cyclotomic g-Schur algebras 
associated to Ariki-koike algebras M' nitri of smaller rank. Moreover we prove a 
similar formula for ^-decomposition numbers of J^n^ by using a Schur functor. 
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cn ' 0. Introduction 

m ' 

Let J$? = Jrf? nt r be the Ariki-Koike algebra over an integral domain R associated 
to the complex reflection group & n k (Z/rZ) n . Dipper, James and Mathas [DJM] 
introduced the cyclotomic g-Schur algebra S?{A) associated to the Ariki-Koike al- 
gebra J^, and they showed that and ^(A) are cellular algebras in the sence 
of Graham and Lehrer |GLj . by constructing the cellular basis respectively. It is a 
fundamental problem for the representation theory to determine the decomposition 
numbers of Jt? and y(A). It is well-known that the decomposition matrix of M' 
coincides with the submatrix of that of S?{A) by the Schur functor. 



In the case where <ffl is the Iwahori-Hecke algebra of type A, Lascoux, 
Leclerc and Thibon [LLT] conjectured that the decomposition numbers of can 
be described by using the canonical basis of a certain irreducible £7„(sl e )-module, 
and gave the algorithm to compute this canonical basis. The cojecture has been 
solved by Ariki |Alj . by extending to the case of Ariki-Koike algebras. 

In the case of the g-Schur algebra associated to 3>f ni Leclerc and Thibon |LT] 
conjectured that the decomposition matrix coincides with the transition matrix be- 
tween the canonical basis and the standard basis of the Fock space of level 1 equipped 
with the {7„(s[ e )-module structure, and gave the algorithm to compute the transition 
matrix. This conjecture has been solved by Varagnolo and Vasserot in [VV] . 

More generally, in the case of the cyclotomic g-Schur algebra 5? , Yvonne [Y] 
has conjectured that the decomposition matrix coincides with the transition matrix 
between the canonical basis and the standard basis of the higher-level Fock space. 
This canonical basis was constructed by Uglov [U] and the algorithm to compute 
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the transition matrix was also given there. Yvonne's conjecture is still open. We 
remark that Ariki's theorem, Varagnolo-Vasserot's theorem and Yvonne's conjecture 
are concerned with the situation where R is a complex number field and parameters 
are roots of unity. 

In order to study the decomposition numbers of J?, we constructed in [SW] 
some subalgebras y p of y{A) and their quotients S^ v ', and showed that is a 
standardly based algebra in the sence of Du and Rui |DR] , and that 5? P is a cellular 
algebra. Hence, one can consider the decomposition numbers of and 5? also. 
We denote the decomposition numbers of 5? , ^ p and 5^ v by d x ' ' and dx^ 
respectively, where dx^ is a decomposition number of the irreducible module L M in 
the Weyl module W x of for r-partitions A, /z, and d x , dx^ are defined similarly 
for 5^ v and J^ P (see Section 1 for details). It is proved in [SWl Theorem 3.13] that 



(1) d Xfl = dfif* = d x » 

whenever A,/i satisfy a certain condition a p (A) = ct P (/i). Moreover for such A,/i, 
the product formula for d x ^, 



(2) d Xl , = nLi d \^h 



was proved in [SW, Theorem 4.17], where dxm^k] for k — 1, • • • , g is the decompo- 
sition number of the cyclotomic g-Schur algebra associated to a certain Ariki-Koike 
algebra J0k k ,r k - 

Related to the above conjectures on Fock spaces, Leclerc-Thibon and Yvonne 
give a more precise conjecture concerning the ^-decomposition numbers defined by 
using Jantzen nitrations of Weyl modules. (For definition of ^-decomposition num- 
bers, see §21) We remark that decomposition numbers coincide with ^-decomposition 
numbers at v — 1. Thus we regard v -decomposition numbers as a v -analogue of de- 
composition numbers. The conjecture for w-decomposition numbers has been still 
open even in the case of the g-Schur algebra of type A. 

In this paper, we show that similar formula as (1) and (2) also hold for v- 
decomposition numbers. We denote the ^-decomposition numbers of 5? (A), ^ P (A) 
and S^ P (A) by <i AM (t>), d x ' (v) and dx^v) respectively. Then for r-partitions A,/i 
such that a p (A) = a p (/i), we have (Theorem 12.81) 



and (Theorem 12. 141) 



dx^(v) = d Xll (v) = Y[d xlk]fl[k] (v), 
fc=i 

where d^[*]„[fc] (v) is the ^-decomposition number of the cyclotomic g-Schur algebra 
appeared in (2). 
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We note that our result is a f-analogue of (1),(2), and it reduces to them by 
taking v i— > 1. Moreover, for a certain ^-decomposition number dfi(v) of the Ariki- 
Koike algebra, we also have the following product formula (Theorem 13.51) . 

9 
k=l 

where dff k ] {k] (v) is the ^-decomposition number of the certain Ariki-Koike algebra 

^°n k ,r k - 

We remark that our results hold for any parameters and any modular system, 
even for the case where the base field has non-zero characteristic, though Yvonne's 
conjecture is formulated under certain restrictions for parameters and modular sys- 
tems. 

Acknowledgments I would like to thank Toshiaki Shoji and Hyohe Miyachi for 
many helpful advices and discussions. 

1. A REVIEW OF KNOWN RESULTS 

1.1. Througout the paper, we follow the notation in [SWj . Here we review some 
of them. We fix positive integers r, n and an r-tuple m = (mi, • • • ,m r ) G /Z> - 
A composition A = (Ai,A2, •••) is a finite sequence of non-negative integers, and 
|A| = i s called the size of A. If A; ^ and A& = for any k > I, then I 
is called the length of A. If the composition A is a weakly decreasing sequence, A 
is called a partition. An r-tuple /x = (/i*- 1 **, ■ • • , /x^) of compositions is called the 
r-composition, and size |/x| of /x is defined by Yll=i l/^l- m particular, if all /x^ 
are partitions, /x is called an r-partition. We denote by A — V n , r { m ) the set of 
r-compositions /x = (fJp), ■ ■ ■ , A*^) such that |/x| = n and that the length of fj,( k ' 
is smaller than mk for k = 1, • • • , r. We define A + = V n . r (m) as the subset of A 
consisting of r-partitions . 

We define the partial order, the so-called "dominance order" , on A by /x > v if 
and only if 

£l^l + £^ > 2X> , ' ) l + £<f 

8=1 j = l 1=1 j = l 

for any l<l<r,l<k<mi. If fi > v and fi ^ v, we write it as /x > z/. 

For A e we denote by Std(A) the set of standard tableau of shape A. For 
A G A + and /x G yl, we denote by 7q(A, /x) the set of semistandard A-tableau of type 
/x. Moreover we set 7q(A) = U Algy i'7^(A, /x). For definitions of standard tableau and 
semistandard tableau, see [SW] or [D JM] . 

1.2. Let M' = Jtf? n ,r be the Ariki-Koike algebra over an integral domain R with 
parameters q, Qi, ■ ■ ■ ,Q r with defining relations in [SWj §1.1]. It is known by [DJM] 
that Jrf? has a structure of the cellular algebra with a cellular basis {m si \ s, t G 
Std(A) for some A G A + }. Then the general theory of a cellular algebra by [GL] 
implies the following results. There exists an anti-automorphism h i— > h* of J^ 9 such 
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that m* t = m te . For A G A + , let Jrf? vX be the .R-sub module of spaned by m Bi , 
where s, t G Std(/i) for some \x G A + such that fi> X. Then ^ vA is an ideal of Jff. 
One can construct the standard (right) ^-module S x , called a Specht module, with 
the i?-free basis {m t | t G Std(A)}. We define the bilinear form ( , on S x by 

(m s , m^m w = m^m^ mod M 3 vA (s, t G Std(A)) , 

where u, t) G Std(A), and the scalar (m s ,m t )^ does not depend on the choice of 
u, G Std(A). The bilinear form ( , )jg> is associative, namely we have 

(1.2.1) (xh,y)jr = {x,yh*)jr for x, y G S\ G M> . 

Let radS " = {x G S ,A |(x,y) J r = for any y G S x }. Then radS A is the J4f- 
submodule of S x by the associativity of the bilinear form. Put D x = S x / radS' A . 
Assume that R is a field. Then D x is an absolutely irreducible module or zero, 
and the set {D x | A G A + such that D x ^ 0} gives a complete set of non-isomorphic 
irreducible Jf-modules. 

1.3. Let 5? = y(A) be the cyclotomic g-Schur algebra introduced by [D JM] . asso- 
ciated to the Ariki-Koike algebra Jf? with respect to the set A. It is known by [DJM] 
that is a cellular algebra with a cellular basis {ipsr I S, T G %(X) for some A G 
A + }. Again by the general theory of a cellular algebra, the following results hold. 
There exists the anti- automorphism x i— > x* of =5^ such that <^£ T = <£>ts- For 
A G let ^ vA be the .R-submodule spaned by <psr, where S,T G To(/x) for some 
ji G yl + such that fj, > A. Then <5^ vA is an ideal of =5^. One can construct the stan- 
dard (right) ^-module W x (A G yl + ), called a Weyl module, with the i?-free basis 
{ipr \ T G 7q(A)}. We define a bilinear form ( , ) on W x by 

(</?s, ¥t)¥uv = PusVtv mod ^ vA (S, T G 25(A)) , 

where U, V G 2o(A), and the scalar ((^5, does not depend on a choice of U, V G 
To (A). The bilinear form ( , ) is associative, namely we have 

(1.3.1) (xLf,y) = (x,y(p*) for x, y G W x , Lp G . 

Let radW /A = {x G W /A | (x, y) = for any y G W /A }, Then rad W A is the y~ 
submodule of W x . Put L x = W x /mdW x . Then it is known by [DJM] that L A 7^ 
for any A G Assume that R is a field. Then L x is an absolutely irreducible 
module, and the set {L x \ X E A + } gives a complete set of non-isomorphic irreducible 
^-modules. 

1.4. We recall some definitions and results in [SWj . We fix a positive integer g < r 
and p = (ri, • • • , r 9 ) G Z> such that r% + ■ — h r g = r, and set p\ — 0, pi — X^=i r i 
for z = 2, • • ■ g. For /x = (/i^, • • • ,^ r ') G A, we define a p (/i) = (ni, ■ ■ ■ ,n g ) and 
ap(/x) = (ai, ■ • • , a 9 ), where n fc = and a fc = m for A; = 1, • • • , g 
with ai = 0. We define a partial order on Z> by a = (ai, • ■ ■ , a 9 ) > b = (61, • • • , b g ) 
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if ctj > hi for any i = 1, ■ • • , g and we write a > b if a > b and a / b. Later we 
consider the partial order on {a p (/i) | fi G A} by this order. 

For A G A + and 11 G A, we set 7^ p (A,/i) = %(X, fi) if a p (A) = a p (/x), and is 
empty otherwise. Moreover we set 7^ P (A) = U M g/i ^o P (-^ AO- We set 

JC p = x {0, 1}) \ {(A, 1) G A + x {0, 1} | T (A, = <f> 

for any fi e A such that a p (A) > a p (/x)|, 

and define a partial order > on E p by (Ai, £i) > (A 2 , e 2 ) if Ai > A 2 or if Ai = A 2 and 
£i > e 2 . For rj = (A, e) G A7 P , we set 



Hv) = { 



'T P (A) ife = 0, 

|J T (A,/i) if e = l, 



k a p (A)>a p O) 



r p (A) if e = o, 

T (A) ife = l, 



C p (v) = {vst I (S,T) G Ifa) x J^)} for V G £ p , 



and 

C p = |J C p ^). 

Let ^ p = ^ p (yl) be the i?-submodule of S?{A) spanned by C p . We also define 
(S fip ) Vv as the _R-submodule of 5^ p spanned by 

{ifiuv | (U, V) G !(?/) x J(r]') for some ?/ G S p such that r/ > 77}. 

It is known by [SW, Theorem 2.6] that S^ p is a standardly based algebra with 
the standard basis C p in the sence of |DR] . 

By the general theory of standardly based algebra due to |DR| . we have the 
following results. For 77 G U p , one can consider the standard left ^ p -modules ^Z 71 
with the basis | T G I(?7)} and the standard right ^ p -module Z 7 * with the 
basis {(pj, \ T G J(f])}- We call them Weyl modules of S^ p . We define the bilinear 
form fir, : °Z" x Z" -> i2 by 

^(^,^)^y = ^T^v mod(^ p ) v " (Sei{<n),TeJtn)), 

where /3 V is determined independent of the choice of U G I{rj) and V G J(^). The 
bilinear form f3 n is associative, namely we have 

(1.4.1) P n (<px,y) = P v (x,y<p) for x G <>^, y G Z", ^ G ^ p . 
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Let mdZ 7 ! = {x E \ p v {y,x) = for any y E 0^}. Then radZ'? is a J^ p - 
submodule of Z v by associativity of Z^. Put LP = Z v / ra.dZ v . Assume that R is 
a filed. Then LP is an absolutely irreducible module or zero, and the set | 
7] E A7 P such that P v ^ 0} is a complete set of non-isomorphic irreducible (right) 
^P-modules. 

Later we shall only consider the Weyl modules Z v and irreducible modules LP 
of y v for ry of the form (A, 0). Note that the composition fuctors of Z^^ are 
isomorphic to L^ ,0 > for some fj, E A + by [SWl Proposition 3.3 (i)]. 

1.5. Let y p be the .R-submodule of spanned by 

C p \ {^ ST | S,T E T P (A) for some A E A + ). 

It is known by |SWj that is a two-sided ideal of J^ p . Thus, we can define the 
quotient algebra 

We denote by Tp the image of <p E ^ p under the natural surjection n : — > 5^ V ', 
and set 

C P = {lf ST \S,TE T p (A) for some A E A + }. 

Then C P is a free i?-basis of ^ P . By \SW\ Theorem 2.13], y P turns out to be a 
cellular algebra with the cellular basis C P . Hence by the general theory of cellular 
algebra, the following results hold. For A E A + , we can consider the standard (right) 

ci^-module Z with the free i?-basis \rp~ T | T E 7^ P (A)}. We call it a Weyl module 

of 5? P . We define the bilinear form ( , ) p : Z X x Z X — > R by 

( 1 Ps, 1 Pt)p 1 Puv = VusVtv mod (^ P ) VA (S,T E T P (A)), 

where ( , ) p is determined independent of the choice U,V E 7^ P (A), and (y P ) vX is 
the .R-submodule of y P spanned by 

{(f ST | 3, T E T P (A') for some A' E A + such that A' > A}. 

The bilinear form ( , ) p is associative, namely we have 

(1.5.1) (xlp,y)p= (x,y7p*) p for any x, y E Z X , Tp E S? P . 

Let radZ X = {x E Z X \ (x,y) p = for any y E Z X }, then radZ A is an J^ P - 
submodule of Z X . Put L X = Z X J ia,dZ X . Assume that R is a field. Then L X is 
an absolutely irreducible module, and the set |L A | A E is a complete set of 
non-isomorphic irreducible (right) t 5^ P -modules. 
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1.6. Assuming that R is a field, we set, for A,/i G A + , 

d x ,= [W X :L»], 

dxf, = [Z X : L M ] , 

where \W X : Z/ 1 ] is the decomposition number of L M in W x , and similarly for 
and J^ P . The following theorem was proved in [SWj . 



Theorem 1.7. |SWt Theorem 3.13] Assume that R is a field. For A,/i G A + such 
that ctp(A) = a p (fi), we have 



1 A X '°) A 



1.8. For /i = ■ ■ ■ , (jfi^) G A, we write it in the form /x = (/iW,--- , /i'^), 

where /j,™ = {jj,^ Pi+l \ ■ ■ ■ ,/i^ +r ^). According to the expression of /i as above, 
T = (TW,--- ,TW) G T (A) can be expressed as T = (TW,--- ,T^) with = 
,T^ +r ^). By [SWl Lemma 4.3 (iii)], we have a bijection T p (A,/i) ~ 
7^(A [1] , //W) x • • ■ x T (A [9] , given by the map T ^ (T^, ■ • • , T^). Thus we have 
a bijection T P (A) ~ %{X^) x ■ ■ ■ x T (A^). 

We write m = (m 1; • • • ,m r ) in the form m = (m' 1 ', • • • , m' 3 '), where = 
(m Pk+1 ,--- ,m Pk+rh ). For each n k G Z> , put A nk = ? nt]rt (mW), and A+ k = 
V nkt r k (m^). (A nk or A£ is regarded as the empty set if n k = 0.) Let y(A nk ) 
be the cyclotomic g-Schur algebra associated to the Ariki-Koike algebra J4?n k ,r k with 
parameters q, Q Pk +i, ■ ■ ■ , Q Pk+rk . Let A„ i9 be the set of (ni, ■ ■ • , n g ) G Z> such that 
«i + • • • + n g = n. Then we have the following decomposition theorem of 5^ by 
[SWl Theorem 4.15]. 

(1.8.1) ^ P (/l) = ^(AJ ® • • • ® ^(AJ as R-algebra, 
under the isomorphism given by 

(1.8.2) Tp ST i-> ^ s |i ]T |i] (8> • • ■ <g> v?5Mtm for S,T E Tf(X). 

Assuming that R is a field, for AM G A*,, let W xlk] be the Weyl module of 
y(A nk ), and L A[fcl = W xW / rad W^ aW be the irreducible module. By [S Wl Corollary 
4.16 ], the following properties hold. Under the isomorphism in (11.8. ip . we have, for 
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\,H e A+, 

(1.8.3) Z X ^W xll] ®---®W xl3 \ 

(1.8.4) T ^L^ ] ® ■■■®L» l3 \ 

(1.8.5) : V 1 ] = l ULl [WXW ■ L " W] if ap(X) = aM . 

1 otherwise 

Under the isomorphism in (11. 8. 31) . a bilinear form ( , )p on Z X decomposes to a 
product of bilinear forms on W for k — 1, • • • ,g, namely we have the following 
lemma. 

Lemma 1.9. For S,T G 7^ P (A) ; we have 

where {(fsli<>}, <PtI*>]) denotes the bilinear form on W xW for k — 1, • • • ,g. 

Proof. Fix U, V e 7^, P (A). Then by (ll.8.2p and the definition of the bilinear form on 
, we have 

VusVtv = (fumsm ® • ■ • ® V^msmX^tiw 1 ] ® • • • ® ^tmvw) 

= (v 9 5[ 1 ]'V 9 T [i])v 9 i/[i]y[i] ® ■ •• ® (^H.^tJ^biyb] 

mod^(vl ni ) VA[1I ®--.®^(vl n J VA[fll 

Since ^(yl ni ) vA[1] ® • • • <g> J^(/l n J vA[9] C (^ P ) v \ we see that 

(VsiVtIpVuv = VusVtv = (<Psm><P T h]) " " " (Vstoi> Vt^Wuv mod (^ P ) VA - 
The lemma is proved. □ 

Remark 1.10. For the isomorphism in (11.8.31) . we do not need to assume that R 
is a field. But for fll .8.4|) and (jl.8.5p . we need that R is a field. 

Theorem 1.11. |SWl Theorem 4.17] Assume that R is a field. For A,jtt £ A + such 
that aip(A) = a p (fi), we have the following. 



k=l 



d\n — dx^ — Y\ d X [k] 
where dxiMam = [W x[h] : I/ 4 '* 1 ] . 
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2. Decomposition numbers with Jantzen filtration 

2.1. In the rest of this paper, we assume that R is a discrete valuation ring. Let p 
be a unique maximal ideal of R and F = Rj p be the residue filed. Fix q, Q\, ■ ■ ■ ,Q r 
in R and let q = q + p , Q\ = Q\ + p , • • • , Q r = Q r + p be their canonical images in 
F. Moreover let K be the quotient field of R. Then (K, R, F) is a modular system 
with parameters. Let S^r = ^r(A) be the cyclotomic g-Schur algebra over R with 
parameters q,Qi,--- ,Q r and J? = J? (A) be the cyclotomic g-Schur algebra over F 
with parameters q, Qi, • • • , Q r . Then 5? = {S^r + P^r) / P^r- 

We consider the subalgebra 5? R (resp. y p ) of S^r (resp. 5?) and its quotient 
y R (resp. 5? v ) as in the previous section with the notation there. Note that the 
subscript R is used to indicate the objects related to R. 

For A e A + , let W R be the Weyl module of y R . For i e Z> , we set 

W x {i) = {xeW* | (x,y) G p l for any y £ W x } 

and define 

W x (i) = (Wk(i) + pWg)/pW&. 

Then Vr A = W /A (0) is the Weyl module of S", and we have the Jantzen filtration of 

W x , 

W x = W x (0) D W x (l) D W x {2) D ■ • • . 
Similarly, by using the bilinear form ( , ) p on Z R , one can define the Jantzen filtration 
of ^ P -module Z X 

Z X = Z X (0) D Z X (1) Dl A (2) d ••• . 
Moreover for the Weyl module Z R ' ' of y R , we set 

4 A ' 0) W = e 4 A ' 0) I e for any y E <>Z { R Xfi) } 

and define 

Z^\i) = (Z$>%) + pZ^)/pZ%>°\ 
Then we have the Jantzen filtration of Z^ x ' ^ 

z (x,o) = z (A,o )(0) D z (x,o)(i) D Z^°\2) d ■ ■ ■ . 

Since W x is a finite dimentional F- vector space, one can find a positive integer k 
such that W x (k') = W x (k) for any k! > k. We choose a minimal k in such numbers 
and set W x (k+ 1) = 0. Then the Jantzen filtration of W x becomes a finite sequence. 

Similarly, Jantzen nitrations of Z^ x ^ and Z also become finite sequences. 

We can easily see that W x (i) (resp. Z^ x,Q \i), Z is a ^-submodule of 

W x (resp. ^ p -submodule of Z^ x '°\ ^ P -submodule of Z X ) by associativity of the 
bilinear form (TOT!) (resp. f TTXTj) . fITXTj) ). 

2.2. Take A,/i G A+, and jy A = jy A (0) D W X {1) D ■ ■ ■ be the Jantzen filtra- 
tion of W x . Let [W /A (i)/W /A (i + 1) : L M ] be the composition multiplicity of L M in 
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W x (i)/W x (i + 1). Let v be an indeterminate. We define a polynomial d\^{v) by 
dxM = [W\i)/W^ + 1) : L"] 



v 

j>0 



Similarly we define, for Z^ x, °^ and Z X , 



d[ x f\v) = [Z^{i)/Z^°\i + 1) : Z><°)] • v\ 

i>0 

i>0 

Thus dx^v), d^f\v) and d Xt i{v) are porynomials whose coefficients are non-negative 
integers. Note that since the Jantzen filtration of W x , etc. are finite sequences, 



these summations are finite sums. We call dx^v) (resp. d x X '°'(v), dxfj,{v)) decom- 
position number with Jantzen filtration of y (resp. J5^ p , S" P ). We also call them 
^-decomposition numbers as they coincide at v — 1 with decomposition numbers 
given in lf .61 

We have the following relation between d^^lv) and dx^{v). 
Proposition 2.3. For X,fi G A, we have 

(i) Ifacp(X) ^ a p (fi), then d x ^(v) = d x x f\v) = 0. 

(ii) [Z X (i)/Z X (i + 1) : V] = [Z^°\t)/Z^°\i + 1) : 2>°)] for any i > 0. 
Hence we have dx^v) = d^^fa). 

Proof. (JI|) is clear since 

= dxn = by [SW] Poposition 3.3]. 
Recall that Z X Z( A '°> and L M 2>°) as J^ p -modules by [SWl Lemma 3.2]. 
By definition, we have /^(y^' ' 1 , v^t ) = (¥tiPs)p ^ or an y S,T £ 7^ P (A). Then 
under the isomorphism Z A = Z^ A,0 \ the Jantzen filtration of Z X coincides with that 
of Z^°\ So dUD is proved. □ 

2.4. Next, we consider the relation between d^f (v ) and d X n(v). In order to see this 
we prepare two lemmas. Recall that there exists an injective ^ p -homomorphism 
fx : Z (A ' 0) ^ W x such that /a(^t' 0) ) = for T G T P (A) by [SWl Lemma 3.5] and 
that Z^® yP y = W x as ^-module by [SWl Proposition 3.6]. Let i; : Z( A -°)(i) 

Then (ij <g> id y A(Z {x ' 0) (i) y) is the ^-submodule 
of Z( X ' ^ y. Similar results hold also for R. We have the following. 

Lemma 2.5. Let A G A + . For any i > 0, we have 

fx\W{i))=Z^\i) 

Proof. By definition, we see that j3{^p^ '°\ </4 A '°' ) ) = (fs, <Pt) for any S, T G 7^ P (A), 
and that y» T ) = if 5* G T P (A), T G T (A) \ T P (A). Then for x G Z {x '°\ we 
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have 

x G Z<k' 0) (i) fa (v { t'°\x) G p i for any T G T P (A) 
(f x (x), ip T ) G p i for any T G T (A) 
^ / A (x) G W X (i) 

By taking the quotient, we obtain the lemma. □ 
Lemma 2.6. Let A G A + . For any i > 0, we have 

{ k ® id^)(^ (A,o) (0 ^) c w A (0 

under the isomorphism Z^ x ' ^ 5? — W x . 

Proof. Recall that any element of Z^' ^ can be written in the form ip^f* -tp with if; G 
5^^. Moreover it follows from |S Proposition 3.6] that, under the isomorphism 
g x : Z^' 0) ®.y P y R ^ Wr, we have g\(^f } ■tp^np) = (p T x-tp(p for ip G (p G <5^. 
This is true also for Z^' ^ and W x . Thus in order to show the lemma, it is enough 
to prove the following. 



i 



(2.6.1) Suppose that e ^ (A,0) (^) f o r V> e ^ p . Then we have y> T A^ G W 

for any ip G <5*\ 

Now take cp^ip G z£ ,0) . If #° ' ^ G ^fl' 0) (*)> then x (x , e ^ for 

any x G ^Zj^' ' 1 . This implies that ((pTxif) , y) G for any y G Wr by a similar 
argument as the proof of Lemma 12.51 

Since ((p T xt/)(p , y) = (<^t a ^ > 2/¥>*) f° r an Y 2/ £ Wjj an d an Y V 9 e -^R; we see that 
if^f^ip G implies that ip T xipip G W^(i). By taking the quotient, we obtain 

(2.6.1). Thus the lemma is proved. □ 

These two lemmas imply the following proposition about the relation between 
d xi?\ v ) and dx^iv). 

Proposition 2.7. Let A,/i G A + be such that a p (A) = a p (/i). Then for any i > 0, 
we have 

[Z {x '°\t) /Z ix '°\i + 1) : Z>' 0) ] = [W x {i) jW x [i + 1) : lf\ . 
Hence we have d x '°\v) = dx^iv) if a p (X) = a p (//). 

Proof. Fix A,/i G /1 + such that a p (A) = a p (fi), and an integer i > 0. Thanks to 
Lemma I2.5[ we have the following result by similar arguments as in the proof of 
[5WI Proposition 3.12]. 

(2.7.1) [Z^ (z) /Z^ (i + 1) : i>' 0) ] > \W x (i) jW\% + 1) : L M ] . 

Conversly, thanks to Lemma 12.61 we have the following result by similar argu- 
ments as in the proof of |SW| Proposition 3.11]. 

(2.7.2) [Z^°\i) : I>> )] < [W x (i) : 
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We remark that this does not imply dilectry 

[Z^°\i)/Z {x '°\i + 1) : i> 0) ] < [W x (j)/W x (i + 1) : If] 

since we can not see whether ® i&y ) (Z^ x '°\i + 1) ®y P 5?} = W x {i + 1) or not. 
Instead, we argue as follows. Let 

W x = W x (0) D W x (l) D ■ ■ ■ D W x (k) g W x (k + 1) = 

Z (A,0) = Z (A,0) (0) D Z (A,0) (1) D . . . D z (A,0) (/) 3 Z (A,0) (/ + 1} = Q 

be the Jantzen nitrations of W x and Z^ x ' ^ respectively. Then we have 
(i fc+ i <g> id^)(^ (A,0) (^ + 1) ®yp ^) c W x {k + 1) = 

by Lemma EH This implies that Z {x '°\k + 1) = since (t ® id^)(M ®p, ^) 7^ 
for any non-zero submodule M of Z( A, °) and the inclusion map 1 : M '—t Z^ x ^ by 
|SWl Lemma 3.8 (ii)]. So we have I ^ fc. 

Now, if L M is a composition factor of W x {i) /W x {i + 1), then we have 

1 < [W x (i)/W x (i + 1) : If] < [Z^°\i) I Z^°\i + 1) : L^] 

by (I2.7.ip . Hence, we have Z^ Xfi \i) ^ 0. This implies that i^lMIf is a composi- 
tion factor of W x (i). In particular, [W /A (/ + 1) : L M ] = 0. Thus we have 

[Z^°\l)/Z^°\l + 1) : Z>,0)] = [ Z W)(l) : Z>>°)] 

[H/ A (0/W^ A (/ + 1) : L"] = [W X {1) : If]. 
Combining these equalities with 1 12. 7. ip and 1 12. 7. 2p . we have 

[Z^ Xfi \l) /Z^ Xfi \l + 1) : L^] = [W X {1) /W x (l + 1) : If] , 

and so 

(2.7.3) [Z^°\l) : I> )] = [W X {1) : If]. 

Next we consider the case where % = I — 1. Note that 
[Z^°\l - 1)/Z^°\l) : i> )] = [ZW(1 - 1) : Z>' 0) ] - [Z^°\l) : 

[W X {1 - 1) /W x (l) : If] = [W X {1 - 1) : If] - [W X {1) : If] . 
Combined with fl2~7J|) . f[27T72|) and (I2T5]) . we have 

[Z^°\l - 1) /Z( A '°)(/) : L^] = [W X {1 - 1) /W x (l) : If] 
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and so [Z^ x '°\l - 1) : i>-°)] = [W x (l - 1) : Therefore by backward induction 
on I, we obtain the proposition. □ 

Combining Proposition 12.31 and Proposition \2.7\ we have the following theorem. 

Theorem 2.8. For any X, fi G A + such that a p (A) = a p (fi), we have 

d Xfl (v) = S^f\v) = d Xfl (v). 

If we specialize v — 1, the theorem reduceds to Theorem 11.71 

2.9. For later use, we shall consider the basis of W^(i), following the computation 
in the proof of |M2l Lemma 5.30]. Let 7r be the generator of p, namely p = (it), and 
u p be the valuation map on R. Let G x = ((fs, <Pt)) s teT (X) ^ e ^ e Gram matrix of 

Since R is a PID, there exist P,Q G GL N (R) (where N = \%(X)\) such that 
PG X Q = di&g(d Sl ,d S2 , ■ ■ ■ ,d Stf ), where d Sk G R and {Si, ■ ■ ■ ,S N } = %(\). Let 
P = (pst) STeTo{X) , Q = (1st) STeTo{X) and we define, for S,T G %(X), 

fs= ^2 Pss'Vs', 9t= Vt>t¥t>- 

S'er (X) T'gTo(A) 

Since both P and Q are regular matrices, {f$ \ S G %(X)} and {qt \ T G ^o(A)} 
are basis of respectively. Moreover we have diag(c?5 1 , • ■ ■ ,ds N ) = PG X Q = 
{(fs,9 T )) 

s,TeT (X) k y definition. Thus we have 

(2.9.1) (fs,9T) = S ST ds (S,Te%(X)) 

where 5st = I if S = T and 5st = otherwise. For x = J2seT (\) r sfs £ (rg G 

R), we have 

x G W x {i) & (x, gr) G p* for any T G T (A) 

r T d T G for any T G T (A) (by 

<^ v P (r T d T ) = v P (r T ) + v P (d T ) > i for any T G 7o(A). 

It follows from this that Wr(i) is a free -R-module with basis 

(2.9.2) {f T | T G T (A), ^(d T ) > z} U {tt^^/t | T G T (A), v p {d T ) < i). 

2.10. We consider the Jantzen filtration of W x ^ (1 < k < g) as in the case of W x 
and use the notation similar to the case of W x . Since we see that W^° ] (ik) (i& > 0) 
is a free .R-module (see[2Jl), (ii)®- ■ -®W^ B] (i g ) ((ii, ■ ■ ■ ,i g ) G Z| ) becomes 

the submodule of ® • • • ® W^' 91 . 

For 1 < k < g, let {f sW \ G %(X^)} and {# rW | g be the 

bases of Wf ] as of W$ inEU For S/T G T P (A), we define J s := f sm ® - • • ® / sW 
and g T := g> T [i] (g> • • • (g> g T [ 9 ]. Then |/ s | 5 G 7^ P (A)} and [g T | T G 7^ P (A)} turn 
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out to be the bases of Z R . By Lemma [T!?l and (12.9.11) . we have 

(2.10.1) (/s,<7t)p = $STd T ii] ■ ■ -d T [ a ] for S,T G 7^ P (A). 

We set dx = d T m ■ ■ ■ d T [ 3 ] . Then we have the following result by a similar argument 
as in 12.91 Z R (i) is a free .R-module with basis 

(2.10.2) {J T | T G T P (A), z/ p (ci T ) > i) U { 7 r i -^^)7 T | T G T P (A), ^(d T ) < i}. 

Recall that A i)9 is the set of («i, • • • , « g ) G Z> such that z x + • — I- i g = i. Then we 
have the following proposition. 

Proposition 2.11. Let A G A + and i > 0. Under the isomorphism Z R = W R 1] ® 
■ ■ ■ <S> W^r 1 " 1 , we have 

(2.11.1) z£(i) = wf(i 1 )^---®W^ l3] (i g ) 

Proof. First we show that the right hand side is contained in the left hand side. 

Take x = x [1] <g> ■ ■ • <g> a; [9] G (ii) (g> • ■ ■ <g> W^ 3] (i g ) such that i\ H Yi g = i. By 

Lemma [1.91 we have 

{X,7p T ) p = (X [l] , (P T {1)) ■ ■ ■ (X [9 \ ip T [g]) 

ep^---p l * = p l foranyTGT p (A). 

Thus we have x G Z R (i). 

Then in order to show the equality, we have only to show that the basis element of 
Z R (i) is contained in the right hand side of (I2.11.ip . First, we consider f T such that 
Vpidr) > i- Since v p (dr) = Vp(d T [i]) + ■ • • + f p (d T [ g ]), one can find ■ ■ • , i g ) G Z^ 
such that i\ + V i g — i and that z/p(d T [ fc ]) > i& for k — 1, • • ■ , g. Then 

7t = /rm ® • • • ® /tw e (n) ® • • • ® Wjf 1 

and so / T is contained in the right hand side of (12.11.11) . 

Next we consider f T such that v p (dr) < i- Then one can find ■ ■ ■ ,i g ) 
such that it + " • + i g = i and that v p {d T [k]) < ih for k = 1, • ■ ■ , g. Therefore 
jr i-u p (d T )J T = (tt^-M^^/tm) ® (^ 9 ~^ ( ^ [9]) /tm) is also contained in the 

right hand side of (12.11.11) . The proposition is proved. □ 

We have the following corollary. 

Corollary 2.12. For A G A + and i > 0, under the isomorphism Z X = W xll] (g) • • • ® 
W /A[sl ; we /lave 

z A ( ? ) = Yl wXll] fa) ® • • • ® ^ fa) 

(ill- 1 is)6A iiS 
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Proof. By definition, we have 



z x ^) = (z x R {i) + P z x R )/pZ x R - z x R (i)/(z x R (i) n P z x R ) 



and 

W^l'l)® ■■■®W X[3 \i g ) 

= (wf(h) + pwf)/ P wf ® • • • ® (w* w (i,) + pW^Vp^ 1 

By Proposition 12.111 we have a surjective map 

£ ^(ii)®..-®^ 1 ^). 

(ill— ,ig)£Ai,g 

We claim that Ker $ = Z R (i) n jpZ A . Then the claim implies the corollary. So we 
shall show the claim. By definition, it is clear that Ker $ is contained in Z R (i)C\pZ . 
Take x = Etg^, p (A) r Tfr e ^ R {i) R . Then r T G p for any T G 7^ P (A). If 
v p{dr) > then / T = f Tll] ® • • • ® / T [ 9 ] is contained in W R 1] (z'i) ® • • • ® W 7 ^' 91 (z" s ) for 
some (ii, ■ • • ,i g ) G A ii9 by the proof of Proposition 12.111 So we have 7"t/ t G Ker<3> 
for T G T D P (A) such that i/ p (dr) > i. If i/ p (dr) < i, then r T J T = r'^-^^J T 
for some r' T E R since x G Z R (i). By the proof of Proposition 12. 11^ for some 
(h, ■■■ ,i g )e A it9 , t&- v *WJ t = ^-"p^f Tll] ) ® • ■ ■ ® (7r^-^ (d T[ 9 ])/ T[9] ) is con- 

tained in W R 1] ® ■ • ■ ® H 7 ^' 9 ' (i s ). Moreover one can find at least one k such that 
Vpidrm) < i k . Then the image of tt^^ f TW in Wf\i h )/(Wf\i k ) R pW 7 ^') 
is zero. Hence for T G 7^ p such that v p {dr) < i, r T f T is also contained in Ker$. 
Now the claim is proved, and the corollary follows. □ 

By using the corollary, we show the following lemma. 
Lemma 2.13. Let A,/x G A + be such that a p (A) = a p (fi). For any i > 0, we have 

[z\i)/Z X (i + 1) : T\ = fl [W Xlk] (ik)/W* lk \i k+1 ) : L^ 1 ] 

(ii,— ,i g )eA iig k=l 

Proof. By Corollary 12.121 we have 
(2.13.1) 

z\i)/z\i + i) = ( Yl w xll \i 1 )®---®w xla] {i g ))/z\i + \) 

(ii,--- ,ig)eAj iS 

E (^ Al11 ® • • • ® ^ A ' Sl &)) + !) n (^ AW ® • • • ® ^ A ' 91 &)))■ 
(ii ,i s )eA,, s 
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If (ii, • ■ • , i g ) ^ (ji, • • • , j 9 ) such that ii H h ^ 9 = ji H ^j g = h then 



(W A[1] (2i)®---®^ Al91 (^))n(^ Alll (j 1 )®---®iy Al91 (j 9 )) C W /A ' 1| (A;i)(8)- • •®W /A ' sl (/c 5 ), 

where h = max{ii,ji}. Since ■ ■ ■ , i g ) ^ (ji, • • • , j g ), ki H h /c g > z + 1. Hence 

we have 



AM, 



,AW , 



(W^ Ali| (ii) ® • • • ® ^ A ' 91 (i s )) n (^ A,il (jx) ® • • • (gi H/ A,sl (j s )) c Z\i + 1) 

It follows from this, we see that the sum in (12.13. ip is a direct sum. 
For (zi, • • • ,i g ) G A ii9 , we consider a surjective ^ P -homomorphism 



* : W xll] (n) g> • • • <g> VF A ' 91 -» W A,1J (ii)/W A111 (ii + 1) ® • • • ® W Al91 /W Al91 (i g + 1) 



rAW , • \ /tx,AM 



AW / • \ /ti/AM , 



Then we have Ker^ = Z X (i + 1) n (W /All| (^i) ® • - • ® W /Al9l (z 9 )) under the setting 
in Corollary 12.121 By noting that ( 12.13. ip is a direct sum, we have 

(w xll \i 1 )/W xi \i 1 +l)^-^W xl3 \i g )/W xlB \i g +l) 



Z\i)/Z\i + 1) 



Since L M = L^ 1 



L^ 19 ' , we have 



Z X (i)/Z X (i + l) iL" 



]T [W xW {ii)/W xW (h + 1) ® • • • ® W^' fe)/W^ 9 ' (i, + 1) : 
(*!,••• ^sleAi.j 

(«!,••■ ,i,)eA, iS fe=i 



The lemma is proved 



□ 



We define ^-decomposition numbers of y(A n ) for = 1, • ■ ■ , g by 



J2[w Xm (i k )/W xlk \i k + l):L» [k] 



i k >0 



■ v u 



as in the case of 5?{A). Then we have the following theorem. 



Theorem 2.14. For A,/i G A + such that a p (X) = « P (/i), we have 



d\n(v) = d XfM (v) = Y[d xlk]fllk ](v). 



fc=i 
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Proof. The first equality follows from Theorem 12.81 So we prove the second equality. 
By Lemma 12.131 we have 

dx»(v) = \z\i)/z\i + 1) : ^] • v* 

i>0 

= E( E f[[W Xlk \i k )/W^(i h + l):L^]).^ 

*>0 (*ir" !*s)sAi !g fc=l 

= e e ( n ^)/^ aw & + !) : lmW i • 

*>0 (w,-,i 9 )eAi, B fc=l 
= E ( II [ WAW (**)/W AW (k + 1) : • «<>) 

(ii,-,i g )6Z| fc=l 

k=l i k >0 
9 

= Y[d xlk]lM[k] (v). 

k=l 

This proves the theorem. □ 

3. ^-Decomposition numbers for Ariki-Koike algebras 

We keep the notation in the previous section. We consider the ^-decomposition 
numbers of the Ariki-Koike algebra and show that similar results hold as in the 
previous section. 

3.1. Let uj = (— , • • • , — , (l n )) be the r-partition and T w be the ^-tableau of type 
uj. Since i^pyu is an identity map on M u and a zero map M M for fi G A such 
that fi ^ uj, Lp T ^ T u, is an idempotent in 5? . Moreover we see that ^uyuy^^ — 
Horn^M", M") = Horn^Jf, J^) = ,W . It is well known that, for an ^-module 
M, MipT^T^ becomes a J^-module through the isomorphism ipx^T" 'ifir^T^ — <ffi 1 ■ 
Then we can define a functor, the so-called "Schur functor", from the category of 
right ^-modules to the category of right ^-modules by M h M^t^t^- The 
following facts are known by |JMt Proposition 2.17]. 

(3.1.1) W x ipr»T« = S x as ^-modules (A G A + ) 

(3.1.2) L^^t-t- = as ^-modules (fj, G A + ) 

(3.1.3) [W x : If\ = [S x : D»\ (A, /i G A + such that ^ 0) 

where [S x : Z) M ] is the decomposition number of _D M in S x . 

3.2. One can define the Jantzen filtration of the Specht module S x in a similar way 
as in the case of W x , and we use a similar notation for this case. Then one can 
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define the ^-decomposition number of ', for A,/i G A + such taht _D M 7^ 0, by 

i>0 

We have the following lemma. 

Lemma 3.3. Let A G A + and % > 0. Under the isomorphism in $3.1.1\) . we have 

W x (i)<p T « T « = S x (i). 

Proof. It is clear that W x lpt^t^ has a basis {</>r I T G 7o(A,c<j)}. We have a bijec- 
tive correspondence between T (X,u) and Std(A) by T <-> t such that u(t) = T. 
Moreover, under the isomorphism in A3. 1.11) . we have 



(3.3.1) <fxfT w T u 



m t if T G T (\, u>) 
ifT£T (A,u;) 
(3.3.2) (cps, cp T ) = (m s , m t ) for 5 = cj(s), T = w(t) G 7^(A, w) 



by a similar argument as in the proof of [M2[ Theorem 4.18]. 

First, we show the inclusion W x (i)(fT^T^ Q S x (i). Take x G W^(i). Then 
(x, ifr) G p % for any T G %(X). It follows that 

(a; ■ {p^^ , <£> T ) — (x , (fx ■ (pr^T^) G jp l for any T G 7q(A). 

This shows that 

(x ■ ipT^T^ , mt) G p 1 for any t G Std(A) 

by (13T3~T]) and fl3~B~2|) . Hence G Sft(i), and the claim follows by taking the 

quotient. 

Next, we show the converse inclusion W x {i)tpT^T^ 5 S x {i). Take y G S x (i). 
Then we have 

(3.3.3) (y, m s ),^ G ^ for any s G Std(A). 

Write y = Etestd(A) r t m t, and put x = ^ TeT(i(A)U) r t y2 T G W x , where T is the A- 
tableau of type u corresponding to t. Then we have y = x ■ p T ^ T ^ , and 

(x, ifs) G p l for any S G %(\, u) 

by (13.3.11) . (13.3.21) and (13.3.31) . Since ({p T ,(p s ) = if the type of T is not the same 
as the type of S, we have 

(x, <p s ) G p l for any S G %(\). 
This shows that x G W^(i), and the claim follows. The lemma is proved. □ 
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This lemma implies the following proposition. 
Proposition 3.4. Take X, fx G A + such that ^ 0. Then for any i > 0, we have 

[W\i)/W\i + 1) : If] = [S\i)/S\i + 1) : £>"]. 

In particular, we have d\^(v) = df^(v). 
Proof. We consider the ^-module filtration 

W\i) = W ^W 1 ^---^W k = W\i + 1) 

such that Wj/Wj + i = . By applying the Schur functor, together with Lemma 
13.31 we have 

S x (i) = W x (i)tp T «"r»> ^ W x (p T "T«> D • • O W k <f T ^ = W x (i + l)y T u T » = S x (i + 1), 

where WjifT^u /W j+1 ip T ^ = (Wj /W j+1 )<p T «>T» = ^ '(pvv = by f[3~l~2]) . 
The proposition follows from this. □ 

For A G A + such that a p (A) = (rii, ■ ■ ■ ,n g ), A^ is an repartition of n k . Then 
we have the Specht module S x[k] and its unique quotient D x[k] for the Ariki-Koike 
algebra J4?n k ,r k - Moreover for A, /i G A + such that a p (A) = ct p (/i) = (ni, ■ ■ ■ , n g ), we 
have the v -decomposition number d^ k] ^ [k] {y) for ^n k r k - Combining Theorem 12.141 
with Proposition 13. 4[ we have the following result. 

Theorem 3.5. Let A + such that a p (A) = ct p (/i). Assume that ^ and 

D M ^ for any k = 1, • • • , g. Then we have 

9 

O) = n d AM M w( u )- 

k=l 
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